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Abstract 

In this paper, we study Giambelli type formula in the KP and the BKP hierarchies. Any 
formal power series t{x) can be expanded by the Schur functions. It is known that t{x) with 
r(0) = I is a solution of the KP hierarchy if and only if the coefficients of this expansion satisfy 
Giambelli type formula. It is proved by using Sato’s theory of the KP hierarchy. Here we 
give an alternative proof based on the previously established results on the equivalence of the 
addition formulae and the KP hierarchy without using Sato’s theory. This method of the proof 
can also be applied to the case of the BKP hierarchy. 


1 Introduction 

Let Xa(3;)) X = {xi,X 2 , ■ ■ ■) be the Schur function corresponding to a partition A = (Ai, • • • , A;). 
It is known that a formal power series t{x) can be expanded in terms of the Schur functions as 

x{x) = '^^xX\{x), Cx = X\{d)T{x)\x=o, ( 1 ) 

A 

where 

n OXn 

If t{x) is a solution of the KP hierarchy with t(0) = 1, then the coefficients {(^a} satisfy Giambelli 
type formula for any A: 

= '^^^i^{ki\lj))l<i,j<n, ( 2 ) 

where (/ci, • • • ,kn\h,--- ,ln) is the Frobenius notation of the partition A. In fact the converse is 
true. Namely if ([ 2 |) is satisfied for any partition, then the function r(x) given by ([T|) with r( 0 ) = 1 
is a solution of the KP hierarchy. This result had been proved using Sato’s theory of the KP 
hierarchy Here we prove a similar result for the BKP hierarchy [2]. In the case of the BKP 

hierarchy we need the Schur’s Q- functions instead of the Schur functions. 

Let Q\{x), X = {xi,X3,- ■ ■) be the Schur’s Q-function corresponding to a strict partition 
A = (Ai, • • ■ ,\i) (see 3.1 for the definition). Then any formal power series t{x), x = (xi, X 3 , • • •) 
can be expanded using {(5 a( 3^)} (see appendix C): 

x{x) = '^CxQx (I) , Ca = <3A(9)r(x)|a;=o- 

A 
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The main result of this paper is to prove that r(x) with t(0) = 1 is a solution of the BKP hierarchy 
if and only if the coefficients {^a} satisfy Giambelli type formula: 


6 = 2-"pf (e 


(AhA') 


l<2,ji<2n 


for any strict partition A = (Ai, • • • ,Xi) where A' = (A'j^, • • • , A 2 „) is the partition corresponding to A 
(see (f23|) l. The notation Pf(oij)i<ij< 2 n denotes the PfafRan of the determinant A = {aij)i<ij< 2 n- 

Let us briefly explain how we prove the result. We first give an alternative proof in case of the 
KP hierarchy. We use the equivalence of the KP hierarchy and the addition formulae proved in 
mm- Since such equivalence is proved also for the BKP hierarchy m, a similar proof can be 
applied to the case of the BKP hierarchy. 

Recently Giambelli and Jacobi-Trudi type formulae for the expansion coefficients for solutions 
of the KP or the modified KP (mKP) hierarchies attract much attention in the study of solvable 
lattice models [T]. It is interesting to study applications of our results to solvable lattice models 


This paper consists of two sections and three appendices. In section 2, we consider Giambelli 
type formula in the KP hierarchy. We first review the KP hierarchy and the results related with 
the addition formulae in Hoj. Using them we give the proof of the equivalence of Giambelli type 
formulae for {^a} and the KP hierarchy. We consider the BKP hierarchy in section 3. We first 
introduce the Schur’s Q-function in this section. Then we review the BKP hierarchy and the 
results in m- Finally we prove the main result in this paper. In Appendices A and B, necessary 
facts on fermions and the boson-fermion correspondence are given. In Appendix C, we prove 
that a formal power series of variables (xi,X 3 ,X 5 , • • •) can be expanded in terms of the Schur’s 
Q-function. 


2 KP hierarchy 

2.1 Partitions 

Let us begin by fixing notation which is used in this paper. 

A sequence A = (Ai, A 2 , • • • , A^) of non-increasing non-negative integers is called a partition. 
The non-zero A^ are called the parts of A. The number of parts is called the length of A and is 
denoted by /(A). A partition A can also be written using the Frobenius notation (see [6| for the 
precise definition): 


A — (^1) ■ ■ ■ ) ■ ■ ■ ) ^r)) 

where A:i > /c 2 > • • • > A:,. > 0 and li > I 2 > ■ ■ ■ > Ir > 0. 

2.2 The KP hierarchy 

Set 

2 3 ^ 

[a\ = {a,—i{x,k) = '^xnk'^, x = (xi, X2, X3, • • •), y = (yi, y2, ya, •'' 

n=l 

The KP hierarchy [2] is a system of non-linear equations for a function t(x) given by 

y - y - [k~^])T{x + y+ ( 3 ) 

where the integral means taking the coefficient of k~^ in the expansion of the integrand in the 
series of k. 


We have the addition formulae for the tau-function of the KP hierarchy [9]: 

n+l 

= 0, n > 2, (4) 

i=l 


where 


n 

^(x, Ol, . . . , O-ri) — OLijT{x 4" [fUl] + • • • 4“ [fUn]) j CH-ij — i 

i<j 


and cti denotes to remove a*. 

In the case of n = 2, dH becomes 

ai2a34'r(x + [ai] 4- [a2])T(x 4- [as] 4- [a4]) 

-ai 3 a 24 T(x 4- [ai] 4- [a 3 ])r(x 4- [ 02 ] 4- [a 4 ]) 

4-ai4a23r(x 4- [ai] + [a4])r(x + [a2] 4- [a3]) = 0, (5) 


which is the simplest addition formula called the three term equation. 
Using ([S} we obtain the following determinant formula m- 


- aj) 


^ix + Y^[pi] 

i=l i=l 


for n > 2 , where a* and are parameters. 

The following theorem is proved in mi no]. 

Theorem 1 Equation ^ is equivalent to the KP hierarchy. 


2.3 Giambelli type formula in the KP hierarchy 

By Cauchy’s identity (see [6| p.63 (4.3)), any formal power series r(x) can be expanded as 

t{x) = CaGC, (7) 

A 

where X\{x) is the Schur function defined, for any partition A = (Ai, • • • , A„), as 

00 

Xx{x) = det {px,-i+jix))^^. .^^ , = '^pk{x)z^. 

k=0 

The coefficients {^a} can be written as a derivative of r(x): 

Ca = XA( 5)r(x)U=o, d = 01,82,83,■■■), dn = (8) 

n OXn 

For convenience we extend the definition of Xxix) to any sequence A = {ki, - ■ ■ ,kn\li,--- ,ln) 
of integers as follows. 

We define X{ki.--- ,kn\h,--- ,in) = 0 if some ki and Ij are negative, and XA(a^) is skew symmetric in 
{ki, - ■ ■ , kn) and {h, - ■ • , In) respectively. 

The following theorem is shown in [3] using Sato’s theory on the universal Grassmann manifold 





Theorem 2 A formal power series t{x) with r(0) = 1 is a solution of the KP hierarchy if and 
only if the coefficients {|a} satisfy Giambelli type formula: 


^{ku-,k„\h,-,in) = det(^(fc,|j^,))i<ij<n, (9) 

for any partition {ki, - ■ ■ ,kn\li,-" :^n)- 

Remark. There is a freedom to multiply the tau function of the KP hierarchy by constants. 
Thus, if r(0) ^ 0, we can always normalize t{x) as r(0) = 1. 

We prove this theorem directly from the equation ([3]) without using Sato’s theory. 

Lemma 1 Suppose that parameters ai, fdj satisfy |/3j| < \aj\ for any i and j. We have the 
following equation: 

Wl<3 C(x,ft)-Er=i 

= (10) 

ki,lj>0 


Proof. Consider the vertex operators [2] defined by 

X(A:) = 

X*{k) = 

These vertex operators satisfy the following exchange relations: 

X*{k)X*{l) = (1 - 

k 

X(k)X(l) = (1 - 

k 

X*(k)X(l) = (1 - 

k 

where |A:| > |^|. 

Applying the vertex operators to 1 we have 


X*{ai)---X*{an)X{l3n)---X{l3i)-l 


n ‘ 

t<j ^ 


cy j 


ai 


1 - 


A 


nb 


^ * j=i 


A 


-1 






eEr=i«PA)-C(^,m))eEILi(-C(9,/3-^)+S(9,«“^)) . i 

( 11 ) 


Notice that 1 = (0|e^(’^)|0) where H{x) is given by (|A.ip . By the boson-fermion correspondence 
we have 






X*{ai) ■ ■ ■ X*{an)X{(5n) • • • X(/3i)(0|e^(")|0) 

n 

= n “r'ft'”' E ■ ■ ■ i’li’h. ■■■’Pk, |0>ar'‘ • • • ---fit 

i=l ki,ljeZ 

n 

= n E • • • r-u-i'^k„ \0))a[^ • • • ''' Pn' 

i=l ki,ljGZ 

n 

=n E (-!)'■*■ ■ ■ “«^ ^ 

i=l ki,lj>0 


( 12 ) 

(13) 


In deriving (fTB|l from (fT^ we use (2.4.11) in [2]: 

Xy{x) = (-!)”«+-+'”-(Ole"'*'*. ■ i>n, |0>, (14) 

where Y = (ni, • • • ,nk\ — mi — 1, • • • , —mk — 1) for m, < 0 < rij. This Shur function (flTl) is 
skew symmetric in (mi,-- - ,mk) and (ni,-- - , 712 ) respectively. Thus it satisfies the property of 
the extended Schur function. By IfTTI) and (fT3]l . we obtain (fTOjl .D 


Proof of Theorem 1. 

Firstly we prove ([9]) for a solution t{x) of the KP hierarchy with t(0) = 1. 
By Lemma 1 we have 


ni<j 

n-i=i(A-«,) 
ni<j ^ijPji 




2 = 1 


2 = 1 


.gEILi ?(9,/3i)-E"=i 


n”j=i(A - oijj 

Mh,- Mid)T{x)ay - - - 


■■■Pn 


The n = 1 case of (fTSl) gives 


t{x + [P] - [«]) 
13 — a 


'^{-^yX{k\i){d)T{x)a^ . 


Substituting (fT5|) and (flGll to Q we get 


J;(-l)'l+■■■+'"X(;c4,..,fc„|Z4,..,^„)(5)T(x)a^ - - - - -/3^ 

= t(x)"'‘+^^(-1)'i+-+^" det (^X{ki\ii){d)T{x)^ ■ ■ ■ (J-;:I3l^ ■ ■ ■ (3yr. 

Thus 

X(fci,...,fc„|h,-,L)(^)^(a^) =T(x)-'‘+Met {x{ki\ii){d)r{x)^ 

Setting X = 0 in (fT71) and using ([8]) we get ([9]) . 


(15) 


(16) 


(17) 


Conversely we show that r(x) given by ([7]) with t( 0) = 1 is a solution of the KP hierarchy if 
{6} satisfy 

For A = (fei, - - - ,kn\li,--- , In), substitute the expression of ([8|) to ([9]) and we get 
Xx{d)T{x)\x=o = det (x(fciKi)('9)T(x)|x=o) 


1 < 2 ,ji<ri. 





For parameters a*, 13j, we have 

ki ^Ij 0 

= Y1 (^X(fciK,)('9)r(x)U=o)^^, •••an/3?^ •••/3^- (18) 

ki,l j>0 — J — 

Here we recall that (jl5p is valid for an arbitrary formal power series r(x) not necessarily a solution 
of the KP hierarchy. Then using ()15p and (|16l) . (jlSp becomes 


ni<j 

U.lj=i{Pi - «i) 


n n 

i=l i=l 


,,, ( rm - fel) \ 

V Pi Cij J l<jj<n 


(19) 


Let us consider the oo x n matrix A = 
determinants of this matrix. They are 


/ r([ft]-K]) 

V 


and the Pliicker relations for minor 

1 < 2 , 


n+l n n 

^(-1)*"^ A(iLi)A(Li)T( [I3r] - ^[a^])r( Y IPr] - 


2=1 


r£Ki s=l r£Li 5=1 


( 20 ) 


where 


Ki — (^1? * * * ; ^n—1? li)") Li — {lit '' ' jlij ' ' ' ; ^n+l); 
n 

A{ki,--- ,kn) = YliPki -Pkj)- 

i<j 

Here we consider Ki as {ki, • • • , kn-i, li] and Li as {/i, • • • , li, - ■ ■ , In+i} as sets if they appear in 
the summation symbols. 

Set 


In+l — k\^ln — k2i ln—1 — ^3 > ‘ ‘ ' pA — ^n—2; 

then we have 

A(iL4) = A(iL5) = • • • = A{Kn+i) = 0. 

Setting X = {xi,X 2 , •••) = — Yll=iV'‘-i\ obtain 

n—1 n—2 

A{Ki)A{L[)t{x + YiPkl + [Ph])r{x + YiPki] + [Ph] + [As]) 

2 = 1 2=1 

n—1 n—2 

—A{K 2 )A{l' 2 )t{x + ^[/3fcJ + [PiP\)t{x + Y^\.P^P + [Ai] + [As]) 

2=1 2=1 

n—1 n—2 

+A{K 2 ,)A{L'^)t{x + Y^iPkP + [A3])'''(^ + ^[/^fcj + [Ai] + [A 2 ]) = 0) (21) 

2=1 2=1 

where L' = {li, ■ ■ ■ , li, ■ ■ ■ ,1^, kn- 2 , ■ , ki). Note that —kxk = + ■ ■ ■ + is a power sum 

symmetric function and xi, - ■ ■ ,Xn are algebraically independent. Since n is arbitrary, (1211) is valid 
if X is replaced by an indeterminate x by a similar arguments in do]. Shifting x to x - J27=hPki] 
we get 

Pk^.ihPhhTix + [/3fc„_i] + [Ai])'r(x + [A2] + [Ag]) 

-Pkr^-ihPhhTix + [/3fc„_i] + [Pi 2 ])rix + [Ai] + [As]) 

+ Pk„-ll3Phl2'^i^ + [Pkn-l] + [As])'''(2^ + [AJ + [A 2]) = 0) (22) 

which is the three term equation ([5|). By Theorem 1 (1221) is equivalent to the KP hierarchy. Thus 
Theorem 2 is proved.□ 





3 The BKP hierarchy 


3.1 Schur’s Q-function 

Let us consider the Schur’s Q-function before talking about the BKP hierarchy. The Schur’s Q- 
function is defined for strict partitions. A partition A = (Ai,-- - ,A;) is strict if parts of A are 
distinct and positive, namely Ai > • • • A; > 0. 

For a strict partition A = (Ai, • • • , A;) we set 


A' 


(Ai, • • • , Aj, 0), if Hs odd, 
(Ai, • • • , A;), if Hs even. 


(23) 


Then the length of A' is always even. 

For a non-negative integer r define the symmetric polynomial qr of a = (ai, • • • , ajsf) by 


N 


r>0 i=l 


1 -I- tai 

1 — tai 


For r > s > 0, we set 

5 

Q{r!^) = + 2j2i-'^yQr+iqs-i- 

i=l 

If r < s, we define as 


Qsym _ _Qsym 
^ (r,s) 


For any strict partitions A = (Ai, • • • , A/), the Schur’s Q-function is defined by 


Qsym 


Pf 


{q 


sym 
Ah A') 


l<*J<2n 


where Pf(aij)i<ij< 2 n denotes the Pfafhan of A = (ajj)i<ij< 2 n- We set Xi = {a\ + - ■ N > 

|A|. It is known that can uniquely be expressed as a polynomial of x = (xi, X 3 , X 5 , • • •). We 

denote this polynomial by Q\{x). Then we have the relation 


Qy (x) = Qx{x), Xi = 


a^ “k * * * -|- a^jy 


N 


C): 


We can expand any formal power series r(x) of x = (xi,X 3 ,X 5 , • • •) as follows (see appendix 


'^(^) = IZ^aQa(|), (24) 

A 

6 = 2-'(^)gA(5)r(x)U=o, (25) 

where A runs over all strict partitions. 

Let us extend the definition of Qx{x) to any sequence A = (Ai, • • • , A/) of integers as follows. 
We define Q(Xi,--- ,Xi){x) = 0 of some Aj is negative, and 

if (Ao-(i), • • • , Ao-(/)) is a strict partition for some permutation a. 



3.2 The BKP hierarchy 

Set 




[«]o = (a, y, y,---); f(x,/c) = ^ X2n-iA:^’^ \ x = (xi, X3, X5, • • •), 2/= (2/1,2/3, ys,''' 


We define the BKP hierarchy m by 


n=l 


dk 


by 


e - y - 2[/c %)T{x + y + 2[k ^]o)yy = r(x - y)r(x + y). 

Define the components of the skew symmetric matrices A = {aij)o<ij<n and A' = (ajj)i<jj<n 


CX' ■ 

+ 2[aj]o + 2[aj]o), 

Oii ' 


Hj 


“Oj = r{x + 2[aj]o), 

where djj + Oj. The addition formulae of the BKP hierarchy m are, for n odd, 

n 

r(x + 2 ^[ai]o) = r(x)("’^+b/2^^ 2 ,... ,nPf-4, 


2=1 


and, for n even, 


r(x + 2 ^[ai]o) = r(x)( ,nPf-4', 


2 = 1 


where 


i<j “T 


The following theorem is proved in m- 
Theorem 3 The case n = 3 of 


(26) 


(27) 


+ 2 y][«i]o) = ^r(x + 2[Q!i]o)r(x + 2[a2]o + 2[a3]o) 
^ a23 

2=1 

-^r(x + 2[a2]o)x(x + 2[ai]o + 2[a3]o) 
ai3 

Cll 9 

+-^r(x + 2[a3]o)r(x + 2 [q;i]o + 2[a2]o) 
ai2 


(28) 


is equivalent to the BKP hierarchy. Equation is called the four term equation. 


3.3 Giambelli type formula in the BKP hierarchy 

Our main theorem is 


Theorem 4 A formal power series r(x) with r(0) = 1 is a solution of the BKP hierarchy if and 
only if the coefficients {^a} i^ ([§]) satisfy 


Cx = 2-"Pf 




O^A') 


l< 2 ,j< 2 n 


(29) 


for any strict partition X, where X' = (A'^, • • • , A 2 „) is defined by ^2^. 



Lemma 2 We have the following equation: 


^“1 gZli=l 


Y 1 QiW-,\ 2 n) (I) •••« 2 n 

Ai>0 


(30) 


where parameters ai, • • • , a 2 n satisfy |ai| > ■ ■ ■ > \a 2 n\- 


Proof. Let 


X^ik) = ‘^'^n-odd^"^ 


We apply this vertex operator to 1 = |0). 

First, the exchange rule of the vertex operators is 


XB{k)XB{l) = 


k-l 
k + l 


^-2Y,dnk "-2X,dnk 


Then we have 


Xsiai) ■ ■ ■ XBia2n) ■ 1 ^^g^i^iT,k:odd^kO!i 

(Xi- 


Kj 


Hj 


(31) 


(32) 


By the boson-fermion correspondence, we have 

XB{ai) • • • Xs(a2n)(0|e^^(")|0) = 2-(0|e^«(")<))(ai) ■ ■ ■ </>(a2n)|0) 

= 2-(0|e^«(")</>Ai ■ ■ ■ |0)at^ • • • (33) 

= E^(Al■■■.A..)(f)«^•••«2^^ (34) 

Ai>0 

where Hb{x) is defined in (IB.lll . We get (131]) from (1331) using (1.1.24) of [8] (see also [2l fl^l: 

(0|e^^W<?ini---</)nJO) =2-'=/2Q;, (^0 , (35) 

where A = (ni, • • • ,nfc). This function (1351) is skew symmetric. Thus it satisfies the property of 
the extended Schur’s Q-function. By (f3^ and (l34)) . we have ([30]). □ 


Proof of Theorem 2. The way to prove this theorem is similar to the case of the KP hierarchy. 
We shall prove that {^a} satisfy (IM]l if r(x) is a solution of BKP heirarchy. We consider (|27l) with 
n replaced by 2n, n > 2. 

By Lemma 2 we have 

2n 

^i^-2nT{x + 2Y^[ai]o) = 
i=l 

= E^(Al-,A2n)(^o)'^(^)«l' •••«2n"> (36) 


where do = (5i, 4,4, •'' )• 

The case of n = 1 in ([36]) is 


dij 


{x -|- 2[aj]o -|- 2[aj]o) — ^ ^ Q{Xi,\j 


){do)T{x)af^ajP 


(37) 





Substituting (p6]l and ([371) to (l271l . we have 


M„)ido)T{x)a^^ ■ ■ ■ 

= T(x)-+ipf 

= t(x)-"+^ Pf (Q(a„aP (4)r(x)) . 

Comparing the coefficient of ■ ■ ■ a^^”, Ai > • • • > \2n-, it follows that 

<3(Ai,-,A2„)(^o)r(x) = T(x)"’"+^Pf (<3{Ai,A,)('9o)T(x))^^,^^^^ (38) 

We expand t{x) as in ([Ml) , the coefficient .^a becomes ([25]) . Setting x = 0 in (l38]l and using ([M]) 
we have ([29]). 


Conversely we show that t(x) given by (|24D is a solution of the BKP hierarchy if {.^a} satisfy 
([Ml) . By ([M[) . the coefficients {^a} are defined as (IMj) . 

Substitute ([M]) to (IMD and take the generating function, we have 

Y <3(Ai,...,A2„)(4)r(x)U=oa^ •••a2n" 

Ai>0 

= Pf (<3{Ai,A,)(4)r(x)U=o)^^. ■ ■ ■ aY■ (39) 

Using (136[) and the case n = 1 of (l36]l . ([39]) becomes 

= Pf ^r{2[a,]o + 2[a,]„) . (40) 

i=l ^l<ij<2n 

Consider the Pliicker relation for the Pfaffians mE! of ([40p . Then for the odd numbers L and K, 
the following addition formulae hold: 

E(-i)'A4-,«.,4j,‘-j,,.,yy(2i;Ki«+2[aii.)T(2 f; kj,) 

1=1 r=l s=l,sjll 

+ 2.^(2 E K]o)r(2j;[«,Jo + 2KJ,) = 0. (41) 

k=l r=l,r^k s=l 


We consider the case of L = K and set 


JL = h, jl-l = *2, jL-2 = *3, • • • ) js = *L-2- 


Setting X = 2 X)r=i^[w,.]o and replacing (ji, J 2 Ul-iUl) by (1,2,L - 1,L), (gl]) becomes 

«L-i,i «^ «L-i,L ^(- _ 2[aL_i]o + 2[aL\o + 2[ai]o)T(x + 2 [q;2]o) 
aL-1,1 oiL,i aL-i,L 

_aL^^a^aL^^^(. _ + 2[aL\o + 2[a2]o)'r(x + 2[ai]o) 

OlL-1,2 OIL,2 0CL-1,L 

+^ «i,L-i«2,L-i ^(, ^ 2[ai]„)r(x + 2[ai]o + 2[a2]o - 2[aL-i]o) 
ai,2 ai,L-i a2,L-i 

-^^^t(x - 2[az.-i]o)r(x + 2[ai]o + 2[ai]o + 2 [a 2 ]o) = 0. 
ai,2 oil L 012,L 


( 42 ) 






Equation (H2l) is valid if x is replaced by an indeterminate x. Shift x to x -\- 2[aL-i]o-, then 
becomes 


+ 2[ai]o + 2[a2]o + 2[aL]o + 2[aL-i]o) 

= + 2[ai]o + 2[aL\o)T{x + 2[a2]o + 2[aL-i]o) 

ai,L a2,L-i 

_«2^ aqL-i ^(^ + 2[a2]o + 2[aL]o)r(x + 2[ai]o + 2[aL-i]o) 

012,L Otl^L-l 

+ 2K_i]o + 2[aL\o)T{x + 2[ai], + 2[«2]o). (43) 

OlL-l,L ai,2 

Setting = 0 we have the four term equation ()28p . By theorem 3 t{x) is a solution of the BKP 
hierarchy. 

A The free fermions 

In the appendices we summarize necessary facts on fermions and the boson-fermion correspondence 
following Let ipn and V’n satisfy the following anti-commutation relations: 

[V’n,V'm]+ = = 0, 

~ ^nm- 

The vacuum state |0) and the dual vacuum state (0| have the properties 

v^„|0)=0, n<0, C|0)=0, n>0, 

(0|V^„ = 0, n>0, (0|C = 0, n<0. 

We use the generating series of free fermionic operators 

i’iz) = ^ 'ipkz'", ^ 

kez kez 


Let H(x) be defined by 

OO 

Hix) = (A.l) 

/=! nGli 

Then the boson-fermion correspondence is valid: 

= k^-^X{k){m - 
{m\e^^^^*{k) = k-^X*{k){m + 

B The neutral fermions 

Let us consider cpn satisfying 


[(j)m, 4 'n]+ = 

We have the properties of the vacuum state and the dual vacuum state: 

(/>n|0) =0, n < 0, 

(0|(/>n = 0, n > 0. 





If n = 0, we have (^q = 1/2. 
Set Hb{x) by 


HBix) = (B.l) 

l:odd nGZ 

The following the boson-fermion correspondence is valid: 

= 2-^XB{k){0\e^^^^\ 


C The proof of (l24l) 


The expansion (IMl) can be proved easily. For a = (ai, 02 , • ‘ ‘) and (3 = {j3i , /32, •'') we have 

E 2 -''">Qr(«)«r(- 3 ) 

. . -L OtiPj \ . 

t,j Aistnct 


from [6] p.255 (8.13). The left hand side becomes 

n( 




1 + CtiPj _ gEij(log(l+«i/3i)-log(l-Q:i/3j)) 

- ail3j 


2-^i^j Z—/fc=l 

= e 

at 

— g2 Efciodd ^ Ei "F Ej _ 


Set 


Xk = 


E 


a. 


yfc = 


E 




Then we have 


2-^(^)Qa(x)Qa(2/). 

A:strict 

Replace Xk by Xfc/2 and Uk by = dy^,jk. We apply it to /(y) and set y = 0. Then we get 

/(x) = 2-'WgA (I) (QA(4)/(y)) lj/=o- 

Aistrict 

Setting ix = (Q\{dy)f{y)^ \y=o, we obtain ([Ml)- 
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